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Abstract: This study aims to analyze students' understanding of derivatives of functions through
independent exploration, where students were asked to create examples of functions, calculate their
derivatives using differentiation theorems, and prove the results using the definition of derivatives.
The subjects of the study were 35 first-semester students from the mathematics education program.
Data was collected through exploratory tasks, interviews, and observations. The results showed that
all students were able to determine the derivatives of the functions they created, although proving
the derivative using the definition was more challenging as it involved the concept of limits
previously studied. Five students demonstrated a deeper understanding by creating more complex
examples, such as root and rational functions, which required manipulation techniques and the
application of the quotient rule for derivatives. Interviews revealed that proving the derivative with
the definition provided a deeper understanding of the fundamental concepts of derivatives. This
study suggests using varied exploratory tasks and reflection sessions to enhance students'
conceptual understanding of derivatives.
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INTRODUCTION

Calculus, as a fundamental branch of mathematics, plays a significant role in understanding
change and rates of change, with derivatives being one of its core concepts. The derivative
not only forms the basis for solving various real-world problems but also serves as a
foundational concept for advanced mathematical studies. A solid understanding of the basic
principles of derivatives is, therefore, essential for students pursuing mathematics or
related disciplines (Byerley, 2019; Haghjoo et al, 2020; Mkhatshwa, 2020; Gunarti dkk,
2022, Santos-Trigo et al, 2024; Tarasov, 2019).

However, despite its importance, many students face challenges in understanding
derivatives conceptually. These challenges often stem from a lack of clarity in connecting
the formal definition of a derivative, which is grounded in limits, to the differentiation
theorems commonly used for computation. This disconnects leads students to rely heavily
on procedural methods, such as applying differentiation rules, without fully grasping the
underlying principles.

Mathematics, in general, presents significant difficulties for students, particularly in
transitioning from computational proficiency to conceptual understanding (Ikhsan &
Sa’adah, 2024; Lailiyah & Zuhri, 2024; Sriwijayati et al., 2024; Zahro & Zuhri, 2024). Many
students perceive mathematical concepts as abstract and struggle with bridging symbolic
representations to their real-world applications. This difficulty is further exacerbated in
calculus, where students must not only compute derivatives but also understand their
meaning within different contexts. A key factor in overcoming these challenges is fostering
critical thinking, which enables students to analyze problems beyond procedural
applications and develop a deeper comprehension of mathematical reasoning.

Previous studies have highlighted the difficulties students encounter in comprehending
the formal definition of a derivative. For instance, the cognitive transitions required to
move between different representations of derivatives, such as graphical, numerical, and
symbolic (Ikram et al, 2020; Taniguchi et al, 2018). While these studies have contributed
to understanding students’ challenges, most have focused on analyzing student
misconceptions without actively engaging them in constructing and validating derivatives
independently (Miswaro & Zuhri, 2023; Watford, 2024; Zuhri, 2024).

The gap between procedural knowledge and conceptual understanding is particularly
evident when students attempt to justify their work. Without actively engaging in
derivations and proofs, they may develop fragmented knowledge, where they apply
differentiation rules correctly but struggle to explain why they work. Encouraging students
to derive results from first principles can help address this issue by reinforcing connections
between fundamental concepts and computational techniques.

This study offers a novel approach by involving students in the process of creating
their own functions, determining derivatives using differentiation theorems, and verifying
their results through the formal limit definition. Unlike previous research that primarily
investigates existing misconceptions, this study emphasizes independent exploration as a
method for reinforcing conceptual understanding. By doing so, it aims to uncover how this
process helps students bridge the gap between theorems and definitions while identifying
the specific challenges they face in this context.

Furthermore, this study highlights the role of critical thinking in mathematical
learning. By requiring students to justify their reasoning and verify their results
independently, the research explores how engagement with first-principal definitions can
foster deeper understanding. This perspective aligns with modern pedagogical approaches
that emphasize active learning and conceptual inquiry over rote memorization.

This study offers a novel approach by involving students in the process of creating
their own functions, determining derivatives using differentiation theorems, and verifying
their results through the formal limit definition. Unlike previous research that primarily
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investigates existing misconceptions, this study emphasizes independent exploration as a
method for reinforcing conceptual understanding. By doing so, it aims to uncover how this
process helps students bridge the gap between theorems and definitions while identifying
the specific challenges they face in this context.

METHODS

This study employed a qualitative approach with a descriptive method to explore how
students connect differentiation theorems with the formal definition of a derivative. The
participants consisted of 35 first-semester students from the 2024 cohort of a mathematics
education program. These students, at the beginning of their calculus learning journey, were
deemed suitable for investigating their foundational understanding of derivatives.

The primary instrument used in this study was an exploratory task, where students
were asked to create their own functions, determine the derivatives using differentiation
theorems, and verify their results through the formal limit definition of a derivative. To
complement this, follow-up interviews were conducted with selected students who
provided varied responses during the task. The selection criteria were based on the
diversity of their approaches and the level of difficulty they encountered while solving the
problems. This selection aimed to gain deeper insights into different levels of understanding
and the specific challenges students faced in connecting the theorem-based and definition-
based approaches. Additionally, the researcher observed students during the completion of
the tasks to document their strategies and approaches.

Prior to participation, students provided informed consent, ensuring their voluntary
involvement in the study. Confidentiality was maintained by anonymizing their responses
and using pseudonyms where necessary to protect their identities. The procedure began
with an initial explanation of the task and guidelines to ensure students understand the
requirements. Each student then worked individually on the exploratory task, and their
work was documented for further analysis. Finally, selected students were interviewed to
explore their understanding and reflections in greater depth, providing valuable data for
analysis.

RESULTS and DISCUSSION

To make it easier to display research results and discussions, the following points are made
in the form of points

Complexity of Functions Created by Students

All students involved in this study successfully determined the derivative of the functions
they created. While they did not face difficulty applying differentiation theorems to calculate
derivatives, proving the results using the definition of the derivative proved more
challenging. This proof process required the use of the concept of limits, which had been
studied previously. Although more demanding, students were able to correctly complete the
proof, demonstrating their ability to connect theorems with fundamental calculus concepts,
even though it required extra effort to understand the application of the limit definition in
the context of derivatives. This finding aligns with previous research (Alam, 2020) which
emphasizes the critical role of limits in understanding the derivative concept.

Complex Examples: Root and Rational Functions

After further analysis, it was found that 5 students created more complex examples of
functions compared to the other 30 students. These more complex functions included forms
such as root functions and rational functions. Proving the derivative of a root function using
the definition (through the concept of limits) required a specific strategy. This strategy
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involved manipulating the root exponent into a fractional power, which presented an
additional challenge. On the other hand, deriving rational functions demanded a more
complex approach, requiring the application of the quotient rule for derivatives. Some of
the students' work can be seen in Figure 1 and Figure 2 below. This finding aligns with
studies suggesting that students who work with more complex functions tend to experience
more cognitive load, which could influence their problem-solving strategies (Kirschner et
al, 2018; Tharp, D. S, 2018).

FIGURE 2. Example of rational function

Insights from Interviews

Based on the interviews, students who produced work with varying results expressed that
using the definition of the derivative required a deeper understanding compared to simply
applying differentiation theorems. DS admitted, "At first, I thought differentiation was just
about using formulas, but when I had to prove it with the definition, I realized that I didn’t
fully understand the core concept. I had to think more deeply about limits and how small
changes in x affect the function.” Similarly, FZ stated, "When we use differentiation rules, we
get the answer immediately. But with the definition, I had to understand why the result is
correct rather than just memorizing formulas.” They also noted that the process of proving
derivatives using the definition helped them better grasp the connection between
calculation procedures and the fundamental concept of derivatives. RF shared, "When I
tried to prove the derivative of a root function using the definition, I had to first rewrite it
as an exponent. That made me more aware of how limits actually work in differentiation."
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DK added, "Before this task, [ saw differentiation as just a set of formulas. But after proving
it using the definition, [ started to understand that derivatives are really about
instantaneous rates of change and how limits are used to determine them." These insights
support the theory that conceptual understanding is enhanced when students are required
to justify their answers rather than simply applying formulas. (Loibl, K. etal 2017; Lomibao,
L.S.etal, 2016; Rosé, C. P. et al, 2019).

Insights from Observations

From the observations during the task execution, students with a stronger conceptual
understanding were generally more confident in applying the definition of the derivative.
They appeared to be more systematic and careful in completing the proof, in contrast to
students who frequently experienced confusion or asked for clarification regarding the
application of the definition of the derivative. This observation is consistent with research
indicating that students with a solid conceptual base are more likely to demonstrate greater
confidence in mathematical tasks, particularly in those requiring justification and proof
(Lockwood, E. et al, 2016; Nathan, M. ]., & Walkington, C., 2017; Stylianides, A.]. etal, 2016).

CONCLUSION

This study shows that all students were able to determine the derivatives of the functions
they created, although proving the derivative using the definition was more challenging and
required a deeper understanding of the concept of limits. Students with a stronger
conceptual understanding were more systematic in completing the proof. Students who
created more complex examples, such as root and rational functions, faced greater
challenges in proving the derivatives. Based on interviews, they felt that using the definition
of the derivative deepened their understanding. Therefore, it is recommended to emphasize
foundational conceptual understanding through varied exploratory tasks, reflection
sessions, and additional learning aids.
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